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Abstract
This paper proposes a modiﬁcation of the Walker model to account for the mean stress eﬀect on fatigue life of structures and
the associated scatter of experimental data. To account for various sources of uncertainty, a framework which permits dealing
with run-outs and provides an analytical probabilistic deﬁnition of the whole strain-life ﬁeld, both in the low-cycle and high-cycle
fatigue regions is used. The proposed model is an improvement relative to the Smith-Watson-Topper model for materials that are
signiﬁcantly more or less sensitive to mean stress. Model’s applicability is shown for various metals.
c© 2015 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of INEGI - Institute of Science and Innovation in Mechanical and Industrial Engineering.
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1. Introduction
Constant amplitude loading of structures or components in the presence of mean stress/strain can result in failures
which occur sooner or later than would be estimated by commonly used life prediction models. This happens because
the mean stress has a signiﬁcant inﬂuence of fatigue life: tensile mean stress is detrimental to the fatigue life, while
compressive mean stress is beneﬁcial [1]. Therefore, fatigue life estimates using either stress-life or strain-life ap-
proaches necessarily include the eﬀect of mean stress. Various methods have been developed to model mean stress
eﬀects on the fatigue behaviour of metals [2–9].
This paper discusses a method of incorporating the experimental data scatter of mean stress into strain-life equa-
tions, therefore a number of sets of test data are compared with strain-life equations generalized using a Walker mean
stress-like method. Emphasis is placed on the Walker method, as previous work in a stress-life context [10,11] and
strain-life context [12] has shown that it is superior to other common methods of handling mean stress eﬀects. Previ-
ous work [12] shows that the Walker mean stress equation gives excellent results for steels, titanium and aluminium
alloys. In addition, Walker’s approach has a number of advantages: (1) all data at all mean stresses can be combined
into a single ﬁtting procedure to determine the constants for the stress-life curve, (2) the Walker parameter γ that arises
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from this ﬁtting is related to the sensitivity of the material to mean stress, giving this approach a versatility that is not
possessed by the other common mean stress methods.
Nomenclature
bw exponent constant for a Walker method stress-life ﬁt
cw exponent constant for a plastic strain versus Walker-equivalent-life curve
Nf fatigue life; cycles to failure
N∗w Walker equivalent life
R stress ratio, R = σmin/σmax
Rε strain ratio, Rε = εmin/εmax
εa strain amplitude
Δε strain range, Δε = 2εa
εm mean strain
εpa plastic strain amplitude
γ ﬁtting constant for the classical Walker equation
γˆ ﬁtting constant for the present model
σmaxmaximum stress
σmin minimum stress
σa stress amplitude
σm mean stress
Δσ stress range, Δσ = 2σa
The fatigue lives of similar specimens or structures under the same fatigue load can be signiﬁcantly diﬀerent
due to the variability of parameters such as material properties and microstructure (e.g. large inclusions or defects)
or geometrical features of a component. This scatter of fatigue-lives is often the reason for diﬀerences between
deterministically predicted fatigue-lives and those observed in service. Therefore, in order to capture and include
the experimental scatter in the fatigue-life assessment procedures, a probabilistic approach is needed. The standard
practice of statistically analyzing stress/strain-life data [13] gives only an elementary procedure that assumes that the
size and the shape of life distributions are similar at all strain levels. In other words, the distribution is assumed to
be insensitive to the strain/stress level. However, our previous work [14] shows that the scatter band is narrower at
high stress amplitudes (σa) and larger at low stress amplitudes. At a high σa-value (Low Cycle (LCF) to High Cycle
Fatigue (HCF)), surface condition are less important for crack nucleation because microcracks are initiated early in the
fatigue life. These microcracks are followed immediately by further crack growth. As a result, scatter will be relatively
low. However, at a low σa-value (Very High Cycle Fatigue (VHCF)), crack nucleation and the ﬁrst microcrack growth
meet structural barriers in the material. Nucleation can be dependent on local surface inhomogeneities, small surface
irregularities or even slight surface damage. These surface conditions can vary from specimen to specimen, and have
a signiﬁcant eﬀect on the duration of the initiation period. As a result, more scatter is found at high endurance.
Therefore a reliable probabilistic model needs to include this diﬀerence between LCF and HCF in a uniﬁed approach.
Diﬀerent methods have been developed for solving cyclic loading fatigue reliability problems [14–18]. Among
them, the probabilistic framework of Castillo [20] provides a very appealing model as it: (a) provides an analytical
probabilistic deﬁnition of the whole strain-life ﬁeld as quantile curves, both in the low-cycle and high-cycle fatigue
regions, (b) deals directly with the total strain, without the need of separating its elastic and plastic strain components,
(c) gives explicitly the probabilistic strain-life (P− ε− N) ﬁeld, (d) permits dealing with run-outs and with specimens
of diﬀerent lengths. Therefore, this paper extends Castillo’s model to include a generalization of Walker mean stress
method and shows its applicability to various metals.
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2. Strain-life with mean stress eﬀect
2.1. Classical Walker model
A short overview of the traditional Walker equation and the associated notations are summarized here for a com-
plete presentation. As illustrated in Figure 1, for a cyclically varying stress, σmax and σmin are the maximum and
minimum stresses, respectively, σa is the stress amplitude, σm is the mean stress, Δσ = 2σa is the stress range,
R = σmin/σmax is the stress ratio and:
σa =
σmax
2
(1 − R), σm = σmax2 (1 + R) (1)
Similar deﬁnitions are applied to strain: εa is the strain amplitude, Δε = 2εa is the strain range, εm is the mean strain,
and Rε = εmin/εmax is the strain ratio.
Fig. 1: Constant amplitude cyclic stressing and deﬁnitions of stress variables.
Strain amplitude versus Walker equivalent life curve is given by [12]:
εa =
σ′f w
E
(2N∗w)
bw + ε′f w(2N
∗
w)
cw (2)
where the Walker equivalent life is:
N∗w = Nf
(
1 − R
2
)(1−γ)/bw
(3)
For a better comparison with the current model, these equations are re-written as:
εa
(
2
1 − R
)(1−γ)
=
σ′f w
E
(2Nf )bw + ε′f w(2Nf )
cw
(
1 − R
2
)(cw/bw−1)(1−γ)
(4)
Previous work [12] presents a detailed methodology to determine the above parameters: the constants σ′f w, bw
and γ are obtained ﬁrst by stress-life data ﬁtting as the ﬁrst term of equation (2) corresponds to the elastic strain.
The second term of equation (2) corresponds to the plastic strain amplitude given by: εpa = ε′f w(2N
∗
w)
cw therefore a
linear-least-squares ﬁt for log(2N∗w) - log εpa is performed in order to determine constants ε′f w and cw.
2.2. Probabilistic Walker model
The probabilistic strain-life Weibull regression model proposed by Castillo and his collaborators [19–21] can be
written in a compact form as:
f (εa) f (Nf ) = C (5)
where function f has a logarithmic form
f (x) = log x − αi = log
( x
eαi
)
, i = 1, 2. (6)
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The two constants αi have clear meaning: α1 (for x = εa) represents a threshold value of strain amplitude (i.e. limit
for inﬁnite number of cycles to failure) whereas α2 (for x = Nf ) is the threshold value of life (i.e. number of cycles
for which the strain is theoretically inﬁnite). The two constants can be determined using a constrained least-square
method and experimental data. After this ﬁrst step, the set of values
Ck = f (εak) f (Nfk), k = 1, ...,T (number of tests) (7)
corresponding to experimental data couples (Nfk, εak), is ﬁtted with a three-parameter Weibull distribution:
Ck ∼ W(λ, δ, β) (8)
For the determination of parameters of this distribution (λ is the parameter deﬁning the position of the corresponding
zero-percentile hyperbola, δ corresponds to the scale factor, and β is the Weibull shape parameter of the CDF), the
methods of maximum likelihood or probability weighted moments can be used [22].
Is is noted here that the selection of Weibull distribution for variable Ck is not random but it is based on statistical
conditions that a εa − Nf curve should satisfy as detailed in [19]. These conditions are: (a) weakest link principle, (b)
stability, (c) limit behavior, (d) limited range, and (e) compatibility. Among them, the latter condition requires that the
cumulative distribution function of the lifetime given strain range to be compatible with the cumulative distribution
function of the strain range given lifetime. This condition translates into a functional equation which has only one
acceptable solution, the 3-parameter Weibull distribution.
In order to take into account the eﬀects of stress ratio, the above model was modiﬁed as [23]:
f (SWT ∗) f (Nf ) = C (9)
where the Smith-Watson-Topper ﬁeld is SWT ∗ = σmaxεa.
In the present work, the above model is generalized using a Walker mean stress-like equation. Emphasis is placed
on the Walker method, as previous work [10–12] has shown that it is superior to other common methods of handling
mean stress eﬀects. It was also shown that diﬀerent metals have diﬀerent sensitivities to mean-stress eﬀects; among
the metals tested, higher strength steels have the highest sensitivity. The model can be described in a general form as:
f (ε∗a) f (Nf ) = C (10)
where the Walker-like strain ﬁeld is:
ε∗a = εa
(
2
1 − R
)1−γˆ
(11)
and where R is the stress ratio R = σmin/σmax. The Walker-like parameter γˆ that arises from this ﬁtting is related
to the sensitivity of the material to mean stress, giving this approach a versatility that is not possessed by the other
common mean stress methods. As above, the function f has a logarithmic expression f (x) = log x− αi and the model
parameters α1, α2, γˆ, λ, δ, β are estimated using available methods ﬁtted with experimental data.
Explicitly the above equation can be written as percentile curves as:
εa
(
2
1 − R
)1−γˆ
= exp
⎧⎪⎪⎨⎪⎪⎩α1 +
λ + δ
[− log(1 − p)]1/β
logNf − α2
⎫⎪⎪⎬⎪⎪⎭ (12)
where p ∈ [0, 1] is the probability level. It is noted here that the present model adds an extra parameter, γˆ, which
along αi can be determined using a constrained least-square method:
min
α1,α2,γˆ,K
T∑
k=1
wk
⎛⎜⎜⎜⎜⎜⎜⎝logNfk − α2 − Klog εak + (1 − γˆ) log ( 21−Rk
)
− α1
⎞⎟⎟⎟⎟⎟⎟⎠
2
(13)
subjected to :
⎧⎪⎪⎨⎪⎪⎩
α2 ≤ min
k
logNfk
log εak + (1 − γˆ) log
(
2
1−Rk
)
− α1 > 0
(14)
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The Weibull parameters λ, δ, β are determined using the methods of maximum likelihood or probability weighted
moments [22].
A comparison of classical model (eq. (4)) and current model (eq. (12)) explains the diﬀerence between them.
Both are based of ﬁve parameters and the left side of these equations are the same. Nevertheless, the classical model
separates elastic and plastic data and their corresponding log εe/pa − logNf variations are linear, whereas the current
model deals with total strain and the corresponding log εa−logNf variation is non-linear. Because these two equations
are diﬀerent, γ and γˆ are similar yet diﬀerent (in other words, for a given data set, γ and γˆ cannot be compared).
3. Results
3.1. Experimental data
Experimental data with emphasis on 7075-T651 aluminium alloy collected from the literature and supplemented
with our own data [32] is used here. A short description of the data and their original sources are given below, followed
by the comparison with the current model (Figure 2).
Al 7075-T651. Because of its superior strength, 7075-T651 is heavily utilized by the aircraft industries. Due to
this wide application throughout aircraft and aerospace structures, our team previous’ work [32,36] focused on this
particular alloy and generated long-life data to support this eﬀort. As described below, fatigue data were collected
from several sources and compiled into a single data set:
Endo and Morrow [24] included fatigue tests on 7075-T6 aluminum for a 1/4 in diameter specimen with uniform
gauge section of 3/4 in and for a hourglass specimen to avoid buckling for larger strain amplitudes. The range
of cycles to failure for this data set goes from 10 to 10,000.
Howell and Miller [25] included typical values of fatigue strength at diﬀerent number of cycles to failure (10,000 to
5 × 108) for varying R-ratios. Representative values at R = 0 were obtained from the reference and used in this
analysis. Data are obtained from axial tests on standard round specimens.
Gregor and Grossman [28] - the material was a 1/2 in diameter rod and the specimens were of round constant gauge
section type. Fatigue tests were performed using a rotating bending apparatus working at 10,000 rpm.
Stanzl-Tschegg et. al. [32] - the material was in plate form with a thickness of 20 mm and the test specimens were
of constant cross section type, however speciﬁcally designed to be tested with ultrasonic testing equipment,
therefore such that one of their natural frequencies was around 20kHz, and with a diameter of 4mm. Two
R-ratios were tested: R = −1 and R = 0.5.
Team’s unpublished data - Data from a complementary eﬀort lead by the present authors that involved the testing
of 7075-T651 3/4 in thick plate were also included in the set. Specimens were of cylindrical constant cross
section type and tested at R = −1.
Lazan [26,27] included tests on 7075-T6 aluminum in rolled bar and extrusion form. However, analysis of the data
set for rolled bar material revealed very unusual behavior and it is not used in the current analysis. This has been
noted by the author as well: “the fatigue strength of the rolled 75S-T6 tested in that program was abnormally
low”. The specimens tested were of hourglass type and fatigue lives were in the range 10,000 to 106.
Other sources [29–31] were also considered, however the data were either from speciﬁc rod forms that may not be
representative of the material in this work or were obtained from initially overstrained tests, therefore showing
signiﬁcant deviation from constant amplitude data, especially in the long life region.
Metallic alloys. Due to space limitation, among the 18 sets of data previously analysed [12], only 5 are illustrated
below. These are selected to belong to diﬀerent metals (steel, titanium and aluminum) with 101−107 cycles to failure.
A short summary of the data is given in Table 1.
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Table 1: Range of cyclic data and Walker parameter γ.
Range of data
Material Source (from Reference list) Min cycles Max cycles Walker parameter, γˆ
17MnCrMo33 St [33] 23 2840000 0.686
AISI 4340 St [34] 222 901430 0.590
SAE 1045 St, 705 HB [35] 2.5 161250 0.494
Ti-6Al-4V [33] 214 1100000 0.561
2024-T3 Al [33] 77 2700000 0.600
7075-T651 Al [24–28,32] 8 3470000000 0.558
3.2. Comparison with test data
As described by the equation (12), Figure 2 shows the variation of the Walker-modiﬁed strain amplitude ε∗a with
the fatigue life, Nf for ﬁve values of probability: p = 1, 10, 50, 90, 99%. Experimental data, included in the ﬁgures
is used to ﬁnd the ﬁve unknowns of Equation (12). These ﬁgures prove that the presented model correlates with the
associated data well, as indicated by most data points located in between 1% and 99% curves. Although not included
in this paper, very similar conclusions are obtained for the 13 remaining data sets previously analysed [12].
It is noted here that the Al 7075-T651 data set (Figure 2(f)) includes run-outs (tests which are interrupted before the
specimens fail) and these are transformed using the likelihood function for the right censored sampling scheme. The
original data is shown with red triangles whereas the transformed data used for the ﬁt is shown with black squares.
Each ﬁgure and Table 1 list the values for the Walker-like parameter, γˆ which varies from 0.494 for SAE 1045 steel
(705 HB) to 0.686 for 17MnCrMo33 steel. This variation illustrates the importance of considering γˆ as a parameter
and not as constant as given by the Smith-Watson-Topper model.
4. Conclusions and future work
This paper presents a novel model to incorporate the Walker mean stress equation into the strain-life curve which
gives excellent results for various alloys (steel, titanium and aluminium) and incorporates a probabilistic framework to
deal with the experimental scatter. The model improves upon the framework developed by Castillo [20], by including
an additional parameter γˆ which is related to the sensitivity of the material to mean stress. This addition gives the
current model a versatility that is not possessed by the other common mean stress methods.
Parallel work [36] is conducted to estimate life due to variable amplitude loading using an approach that incor-
porates this Walker mean stress correction method into the strain-life curve. Future work will continue the current
improvements by including conﬁdence levels into the model. Future work will build a similar framework for the
stress-strain equation which is also important for structural fatigue life estimations.
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Fig. 2: Walker-strain amplitude versus fatigue life for six metallic alloys.
